Solutions Exercise 1

1(a): Compute the log likelihood:
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Take the derivative w.r.t. 8 and set it to O:
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1(b): For n =1 we have: %lxl(e) = o7 — %}, and the Fisher information is:
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1(c): Asymptotically \/T(0)v/n - (Oarp — 6) ~ N(0,1), hence:

Plgoos < VIOV - (Brrp — 0)) = 0.95 & POy, — ‘10 05 o2 > 6) = 0.95
With g5 = —1.6 the one-sided 95% CI for 6 is: (—oo0, éML + m ]

Here we have 6,;; = 0.8 and 1.6 = L.6 ~ (0.045.
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So the one-sided CI is: (—o0,0.845].

1(e): Asymptotically: d"lX 9) ~ N(0,1) where Zix(0) = 7% + Z?:gl .
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Given r = 2, X—8andn—20and00—09weget

—nr _Zz;l“ ==l 4 208 ~ 222 and \/n- () = /20 - ;555 ~ 66.67

Therefore the score test statistic takes the value: j}% = =222 ~ —3.33. As the value is

lower than the gg0; quantile —2.3 of the N(0,1), the score test would reject the null
hypothesis to the level 0.02.




Solutions Exercise 2

2(a) The log-likelihood is given by

by (6) = —5 log (2m) — 5 > (s — b’

Set the derivative of the log-likelihood equal to zero
L) = 3 (5~ ) =0
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We find éML zznj J””'“ and we don’t need to check whether this is really a maximum.

2(b) We have
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Therefore 9ML is unbiased, and:
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2(c) Under the null-hypothesis (6 = ) we have:
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Hence, we have that
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This implies the rejection region:

We reject the null-hypothesis if y € C,,.

2(d) For a = 0.05 we have ¢;_a ~ 2 (see Table 1), and the 95% confidence interval is:
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Solutions Exercise 3

(3a) We have the joint density

2n
f@e,. o w,) = H§ 0% - xf - exp{—x,0} = on 6" - <H Iz) -exp{—ﬁzm}
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>~ X is a sufficient statistic, because we can factorize:
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LO) = g(x1, ..., x,) - h(z :,0)

n

2n n n
where g(z1,...,2,) = 55 - (H mz> and h(>-z;,0) =60 - {0 z;}
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3(b) The UMP test rejects Hy if the likelihood ratio W (X) is smaller than a constant k:
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W (X) is a monotone decreasing function in > X;, so that: W(X) < k < Y X; > ko
: s

=1 =

s

Il
N

—

Il
i

)

This shows that a test who rejects Hy if Y X; > ko is UMP.
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Solutions Exercise 4
4(a): Under Hy we have /n - (X"T_O) ~ N(0,1)
For n = 100 this means: 5 - X990 ~ N (0,1) and
XlOO <-04<5- XlOO < =2
From Table 1 we see go 25 = —2, so that the test is (at least) to the level 0.025.

4(b): Under H; we have 5 (X0 + 0.54) ~ N(0, 1), and

XlOO <-04< XIOO 4+ 054 <0.14 & 5(X100 + 054) < 0.7
From Table 1 we see that 0.7 corresponds to the qy75 quantile, so that the power is 0.75.

4(c): Under H; we have /n - w ~ N(0,1) and the relationship:

(z, +0.54)
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From Table 1 we see that the 0.9 quantile corresponds to gg9 = 1.3. We thus need:

T, < —04</n- <0.07-v/n
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007 - Vn=qo=13<n= (W) ~ 344.9

That is, the sample size must be at least n = 345.
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